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1 Introduction

A P system is a formal parallel and distributed computational model inspired
by the structure and interactions of living cells, introduced by Păun [16]; for a
recent overview of the domain, see Păun et al.’s recent monograph [18]. Essen-
tially, a P system is specified by its membrane structure, symbols and rules. The
underlying structure is a network such as a digraph, a directed acyclic graph
(dag) or a tree (which seems the most studied case). Each node, here better
known as cell, transforms its content symbols and sends messages to its neigh-
bours using formal rules inspired by rewriting systems. Rules of the same cell
can be applied in parallel (where possible) and all cells work in parallel.

P modules can be asynchronous, in the sense used in distributed algorithms
and in Nicolescu [13], admitting the more traditional synchronous definitions as
a special case. Sometimes we also make a fine distinction between (i) generated
objects that can be thought, as traditionally in P systems, as being messaged
back to the current cell, via a sort of loopback channel, and (ii) generated objects
which become immediately available for the following rules, a matrix grammars
inspired approach, used by ElGindy et al. [6]. However, here we strictly focus on
single cell systems, so all these fine distinctions can be safely ignored.

In P systems, the practically very important modularity can be achieved
by two distinct complementary ways: (i) an external modularity, for recursively
aggregating groups of cells into higher order P modules, as described in Dinneen
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et al. [4], an approach which is not further discussed here, and (ii) an internal
modularity, possible inside each cell, where we recursively aggregate objects and
rules to form higher-order components, a more recent approach which is more
systematically discussed and assessed in this paper.

This article presents evidence that complex objects can enable a high-level
programming style, with data structures, control flow, and several useful func-
tional programming elements. We have previously used complex objects to suc-
cessfully model and even improve large practical applications, ranging from com-
puter vision [9, 10, 8] to complex graph theoretical problems [15, 6] and to well-
known critical distributed algorithms [19]. Here we attempt to generalise our
field-proven methods and sketch how to apply similar techniques to other, more
theoretical, domains: numerical P systems and NP-complete problems.

Because of space constraints, for the rest of the paper we assume that the
reader is already familiar with basic definitions used in tissue-like transition
P systems, including state based rules, weak priority, promoters and inhibitors.
Section 2 presents a formal definition for complex objects, slightly beyond what
we have earlier proposed [13, 6]. Section 3 shows how fundamental data struc-
tures, such as stacks, trees and dictionaries, can be built and processed using
our proposals. Section 4 sketches the basic ideas behind an integer arithmetic
package, which can be extended to a rational package. Section 5 covers control
flow techniques which can be used to implement higher level operations such
as branching statements, parallel compositions, sequential functions definitions
and invocations. Section 6 proposes a high-level linguistic support for developing
P system models in a simple functional style. Section 7 illustrates a couple of
more theoretical applications, not attempted in our earlier modelling projects:
numerical P systems and NP-complete problems. Note that the ideas of integer
arithmetic, compositional properties and high-level programming, although in
different settings, recall similar ideas also presented to carry out arithmetic and
register-machine computation, for example, in [1, 11].

2 P systems with complex objects

2.1 Complex objects

We consider the following formal definition for complex objects, which are Prolog-
like ground terms, which can include either lists of complex objects or dot-
separated strings (here interpreted as sequences) of complex objects:

<complex-object> ::= <term-object>

<term-object> ::= <atom> | <functor-object> ’(’ <object-arguments> ’)’

<functor-object> ::= <atom> | <complex-object>

<object-arguments> ::= λ | <object-list> | <object-sequence>
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<object-list> ::= <complex-object> (’,’ <complex-object>)*

<object-sequence> ::= <complex-object> (’.’ <complex-object>)*

Atoms (simple objects) are typically denoted by lower case letters, such as
a, b, c, possibly with indices. Example ground complex objects: a, a(), a(b, c),
a(b(c)), a.b().c, a(b.c), a(b(c))(d(e)), a(b(c), d(e)), a(b(c), d.e), a(b(c).d(e)).

We typically reserve sequences to represent natural numbers. For example,
considering that l represents the unary digit, then the following complex objects
can be used to describe the contents of a virtual integer variable a: a() — the
value of a is 0; a(l3) — the value of a is 3.

We are considering to extend our string objects to mean bags (i.e. multisets),
instead of sequences. This could be useful in some scenarios, but we are not
following these ideas here.

2.2 Variables and pattern matching

Variables are used for pattern matching on object arguments and are typically
denoted by uppercase letters, such as X, Y , Z, possibly with overbars, e.g. X,
and with indices, e.g. X1, X2. Variable ’ ’ (underscore) is a wild-card and is
used when pattern matching is required but its value is not further used. Using
variables require the following redefinitions:

<object-list> ::= <var-or-object> (’,’ <var-or-object>)*

<var-or-object> ::= <variable_1> | <complex-object>

<object-sequence> ::= <var-or-object-subsequence>

(’:’ <var-or-object-subsequence>)*

<var-or-object-subsequence> ::= <variable_2>

| λ | <var-or-object> (’.’ <var-or-object>)*

With these definitions, a variable can match either:

1. a complex object in a list of arguments or in a string, or

2. any substring of a complex objects sequence, including λ.

Variables of the type 1 will be denoted by symbols without overbars and
variables of type 2 will have overbars. For example:

– matching a(b(c), d.e.f) = a(X, d.Y ) creates the bindings X,Y = b(c), e.f

– matching a.b().c = X.Y creates the binding X,Y = a, b().c

– matching a.b().c = X.Y creates the binding X,Y = a.b(), c

– matching a.b().c = X.Y nondeterministically creates one of the following
bindings X,Y = λ, a.b().c, X,Y = a, b().c, X,Y = a.b(), c, X,Y = a.b().c, λ
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With the exception of subsequence matchings, our pattern matching rules
are a simplified version of term unification in Prolog-like languages, so they
can be implemented with reasonable efficiency. As we will later see, arithmetic
operations are based on particular subsequence matchings on unary sequences:
these matchings can also be efficiently implemented. However, general subse-
quence matchings could be expensive, so these should be prudently used, e.g. for
proof-of-concept prototyping.

Type 2 (overbarred) variables and much of the pattern matching complexities
have been mainly introduced to support efficient arithmetic operations (on unary
sequences); the complex objects construction would look much simpler if we
would accept natural numbers as primitives in our P modules.

2.3 Generic rules

By default, rules are applied top-down, in the so-called weak priority order.
As we are here exclusively focusing on single cell systems, we only consider a
simplified generic rule format (with no messaging), of the following type:

current-state objects→α target-state objects′ | promoters ¬ inhibitors,

where

– left-side objects, right-side objects′, promoters and inhibitors are bags of
complex objects, possibly containing (which makes rules generic) variables,
which are matched (unified) as described in the previous section;

– α ∈ {min.min, min.max, max.min, max.max}, is a combined instantiation and
rewriting mode, as discussed in Nicolescu et al. [13, 6] (discussion further
adapted below).

To explain generics, consider a cell, σ, containing three counter-like complex
objects, c(c(a)), c(c(a)), c(c(c(a))), and all four possible instantiation.rewriting
modes of the following “decrementing” rule:

(ρα) S1 c(c(X))→α S2 c(X).

where α ∈ {min.min, min.max, max.min, max.max}.

1. If α = min.min, rule ρmin.min nondeterministically generates one of the fol-
lowing rule instances:

(ρ′1) S1 c(c(a))→min S2 c(a) or

(ρ′′1) S1 c(c(c(a)))→min S2 c(c(a)).

In the first case, using (ρ′1), cell σ ends with counters c(a), c(c(a)), c(c(c(a))).
In the second case, using (ρ′′1), cell σ ends with counters c(c(a)), c(c(a)),
c(c(a)).
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2. If α = max.min, rule ρmax.min generates both following rule instances:

(ρ′2) S1 c(c(a))→min S2 c(a) and

(ρ′′2) S1 c(c(c(a)))→min S2 c(c(a)).

In this case, using (ρ′2) and (ρ′′2), cell σ ends with counters c(a), c(c(a)),
c(c(a)).

3. If α = min.max, rule ρmin.max nondeterministically generates one of the fol-
lowing rule instances:

(ρ′3) S1 c(c(a))→max S2 c(a) or

(ρ′′3) S1 c(c(c(a)))→max S2 c(c(a)).

In the first case, using (ρ′3), cell σ ends with counters c(a), c(a), c(c(c(a))).
In the second case, using (ρ′′3), cell σ ends with counters c(c(a)), c(c(a)),
c(c(a)).

4. If α = max.max, rule ρmin.max generates both following rule instances:

(ρ′4) S1 c(c(a))→max S2 c(a) and

(ρ′′4) S1 c(c(c(a)))→max S2 c(c(a)).

In this case, using (ρ′4) and (ρ′′4), cell σ ends with counters c(a), c(a), c(c(a)).

The interpretation of min.min, min.max and max.max modes is straightforward.
While other interpretations could be considered, the mode max.min indicates that
the generic rule is instantiated as many times as possible, without superfluous
instances (i.e. without duplicates or instances which are not applicable) and each
one of the instantiated rules is applied once, if possible.

For all modes, the instantiations are conceptually created when rules are
tested for applicability and are also ephemeral, i.e. they disappear at the end of
the step. P system implementations are encouraged to directly apply high-level
generic rules, if this is more efficient (it usually is); they may, but need not, start
by transforming high-level rules into low-level rules, by way of instantiations.

This type of generic rules allow (i) a reasonably fast parsing and processing
of subcomponents, and (ii) algorithm descriptions with fixed size alphabets and
fixed sized rulesets, independent of the size of the problem and number of cells
in the system (sometimes impossible with only atomic symbols).

3 Data structures

3.1 Stacks

A n-size stack s, with contents a1, a2 . . . an−1, an (top), can be represented by a
complex object s(an(an−1(. . . a2(a1()) . . . ))). Essentially, this is a simple linked
list where the list head is the stack top. Examples: s() — an empty stack, s;
s(a(b(c()))) — a stack, s, with contents a, b, c.

Fundamental operations on stacks include:
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– construct an empty stack

S1 →min.min S2 s()

– replace a by b, if s is empty

S1 a→min.min S2 b | s()

– clear a stack
S1 s(X)→min.min S2 s()

– push a, if a is in the current contents

S1 a s(X)→min.min S2 s(a(X))

– push the content of c, if this exists and is a term (not sequence)

S1 c(T ) s(X)→min.min S2 s(T (X))

– conditional pop a, if a is on top

S1 s(a(X))→min.min S2 a s(X)

– unconditional pop, if s is not empty

S1 s(T (X))→min.min S2 T s(X)

– conditional peek a, if a is on top

S1 s(a(X))→min.min S2 a s(a(X))

– unconditional peek, if s is not empty

S1 s(T (X))→min.min S2 T s(T (X))

– reverse stack s on stack t

S1 s(T (X)) t(Y )→max.min S2 s(X) t(T (Y ))

Complexity. Each of the above stack operations can be accomplished in a single
P step, O(1), except the stack reversal, which may take longer (in this case the
number of steps required equals the length of the stack).

Extensions. All preceding stack operations can be formally redefined to work
on strings, instead of nested terms. Queues can also be implemented as strings,
essentially by renaming pop as dequeue, and replacing push by an enqueue op-
eration (adding to the other end):
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– unconditional dequeue, if q is not empty

S1 q(T.X)→min.min S2 T q(X)

– enqueue the content of c, if this exists and assuming is a term (not sequence)

S1 c(T ) q(X)→min.min S2 q(X.T )

Alternatively, queues can be also be implemented as pairs of stacks, using
stack reversals when needed. This can be reasonably efficient, as reversal costs
will normally amortize in the long run.

3.2 Trees

Trees can be represented as nested terms, in a straightforward manner. For ex-
ample: (1) a leaf node with contents X can be represented as f(X); (2) an
intermediary node, with contents X and two subnodes, can be represented as
n(X,Y, Z), where Y and Z can be leaves or other intermediary nodes. For ex-
ample, the following term describes a binary tree consisting of 2 intermediary
nodes and 3 leaves, all with integer contents:

n(l10, n(l20, f(l30), f(l40)), f(l50))

Most tree operations are either recursive or have rather elaborate descriptions
(needed to simulate recursion). As recursion is discussed later in the article,
here we only show a simple operation which, in P systems, does not really need
recursion: a destructive summation of all values in a binary tree, n, with integer
contents. The first rule creates placeholder for the total sum, s, and stores a
copy of the original tree in a backup store, b:

r1 : S0 n(X,Y, Z) →min.min S1 n(X,Y, Z) s() b(n(X,Y, Z))
r2 : S1 s(T ) v(X) →min.min S1 s(T.X)
r3 : S1 v(X) v(Y ) →max.min S1 v(X.Y )
r4 : S1 f(X) →max.min S1 v(X)
r5 : S1 n(X, f(Y ), f(Z)) →max.min S1 v(X) v(Y ) v(Z)
r6 : S1 n(X, f(Y ), n(Z,Z1, Z2)) →max.min S1 v(X) v(Y ) n(Z,Z1, Z2)
r7 : S1 n(X,n(Y, Y1, Y2), f(Z)) →max.min S1 v(X) n(Y, Y1, Y2) v(Z)
r8 : S1 n(X,n(Y, Y1, Y2), n(Z,Z1, Z2))→max.min S1 v(X) n(Y, Y1, Y2) n(Z,Z1, Z2)

For the above sample tree, the result is s(l150), as indicated by the following
traces, where b(. . . ) represents the backed up tree, b(n(l10, n(l20, f(l30), f(l40)),
f(l50))):



8 R. Nicolescu, F. Ipate, H. Wu

n(l10, n(l20, f(l30), f(l40)), f(l50))
r1=⇒ s() n(l10, n(l20, f(l30), f(l40)), f(l50)) b(. . . )
r7=⇒ s() v(l10) n(l20, f(l30), f(l40)) v(l50) b(. . . )
r2=⇒ s(l10) n(l20, f(l30), f(l40)) v(l50) b(. . . )
r5=⇒ s(l10) v(l20) v(l30) v(l40) v(l50) b(. . . )
r2=⇒ s(l30) v(l30) v(l40) v(l50) b(. . . )
r3=⇒ s(l30) v(l120) b(. . . )
r2=⇒ s(l150) b(. . . )

The complexity of this snippet is O(h) P steps, where h is the height of the
tree.

3.3 Dictionaries

Dictionaries are key/value mappings. Typical dictionaries have unique keys; their
efficient implementations use hash tables or balanced trees (e.g. red-black trees).
A dictionary, d, can be represented by a string of complex objects of the form
m(k, v), where k is the key and v is the value. Examples: d() — an empty
dictionary, d; d(m(a, b).m(c, d)) — a dictionary, d, with two mappings, a → b
and c→ d.

Fundamental operations on dictionaries include:

– construct an empty dictionary

S1 →min.min S2 d()

– clear a dictionary
S1 d(X)→min.min S2 d()

– add a→ b, if key a is not already present (to preserve key uniqueness)

S1 m(a, b) d(X)→min.min S2 d(m(a, b).X) ¬ d(Y .m(a, V ).Z)

– non-destructive query of the mapping for key a, if it exists

S1 a d(X.m(a, V ).Y )→min.min S2 m(a, V ) d(X.m(a, V ).Y )

– reset the mapping for key a to a new value, if a has a mapping (and also
return the old value for this key)

S1 m(a, b) d(X.m(a, V ).Y )→min.min S2 m(a, V ) d(X.m(a, b).Y )

– remove the mapping for key a, if it exists

S1 a d(X.m(a, V ).Y )→min.min S2 d(X.Y )
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Complexity. Apparently, each of the above dictionary operations can be ac-
complished in a single P step, O(1). However, these rules use a generalized
string unification which probably is not efficient for practical purposes. Thus,
this dictionary structure should be reserved for theoretical proofs-of-concept or
prototype implementations.

Assuming a natural order on atoms, we can define a more efficient dictionary
implementation based on balanced trees; however, we are not following this idea
here.

4 Arithmetic

Recall that we use complex objects with sequence contents to represent natural
numbers. For example, considering that l represents the unary digit, then the
following complex objects can indicate that: a() — the value of a is 0; a(l3) —
the value of a is 3.

Fundamental arithmetic operations on natural numbers include:

– c := a+ b, destructive addition:

S1 a(X) b(Y )→min.min S2 c(X.Y )

– c := a− b, destructive subtraction:

S1 a(X.Y ) b(Y )→min.min S2 c(X)

– c := a ∗ b, multiplication, which destroys a:

S1 →min.min S2 c()
S2 a(l.X) b(Y ) c(Z)→max.min S2 a(X) b(Y ) c(Y .Z)

– c, d := a / b, a% b, division, which destroys a:

S1 →min.min S2 c()
S2 a(X.Y ) b(Y ) c(Z)→max.min S2 a(X) b(Y ) c(l Z)
S2 a(X) →max.min S3 d(X)

Complexity. Additions and subtractions can be performed in single P steps,
O(1), but multiplications and divisions may take longer. For multiplication, the
number of steps equals the value of a plus one, whereas for division this is the
value of the quotient c plus two.

If desired, non destructive operations can be implemented in a straightforward
manner. Alternatively, we can define arithmetic operations using counter stacks,
but this is much slower.

These ideas can be extended to define more complete arithmetic packages for
integer numbers and for rational numbers.
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5 Control flow

Composing bigger chunks out of smaller rule snippets can require careful object
relabelling, to ensure continuity and avoid clashes. This is probably best done
automatically, using a well designed composition model. However, we do not
follow this here; we just present a proof of concept where all required relabeling
has been manually done.

5.1 Basic composition

Basic composition includes sequencing and conditional transfers, which can be
further used to define higher-level structured constructs, such as if-then-else
conditionals and while loops (not detailed here).

– BR(S′), branch, unconditional branch to state S′:

S →min.min S
′

– BP(S′; p1, p2, . . . ), branch on promoters, branch to state S′, given promoters
p1, p2, . . . :

S →min.min S
′ | p1 p2 . . .

– BI(S′; i1, i2, . . . ), branch on inhibitors, branch to state S′, given inhibitors
i1, i2, . . . :

S →min.min S
′ ¬ i1 i2 . . .

– BPI(S′; p1, p2, . . . ; i1, i2, . . . ), branch on promoters and inhibitors, branch to
state S′, given promoters p1, p2, . . . and inhibitors i1, i2, . . . :

S →min.min S
′ | p1 p2 . . . ¬ i1 i2 . . .

Other branching primitives are described in the sections for function calls.

5.2 Parallel composition

Consider running in parallel two rule fragments, Π1, with M states, and Π2, with
N states. In general, the composed system, Π1 × Π2, will need M · N states,
thus it will need O(M ·N) rules.

However, using complex state objects, we can define an equivalent parallel
system, Π2 ‖ Π2, with just O(M+N) rules — essentially the same rules initially
used for describing Π1 and Π2. Additional semantics is required for matching
variables on components of state objects.

We illustrate this on a simple ad-hoc example, not doing any meaningful
work, except that Π1 loops over three states and Π2 loops over two states.



Complex Objects 11

– Π1, a fragment with 3 states and 3 rules:

S1 a→min S2 b
S2 b →min S3 c
S3 c →min S1 a

– Π2, a fragment with 2 states and 2 rules:

S1 d→min S2 e
S2 e →min S1 d

– Π1 ×Π2, has 6 (= 3 · 2) states and 18 (= 3 · 2 · 3) rules:

S11 a d→min S22 b e
S11 a →min S21 b
S11 d →min S12 e
S12 a e →min S21 b d
S12 a →min S22 b
S12 e →min S11 d
S21 b d →min S32 c e
S21 b →min S31 c
S21 d →min S22 e

S22 b e →min S31 c d
S22 b →min S32 c
S22 e →min S21 d
S31 c d→min S12 a e
S31 c →min S11 a
S31 d →min S32 e
S32 c e →min S11 a d
S32 c →min S12 a
S32 e →min S31 d

– Π1 ‖ Π2, also has 6 (= 3 · 2) states, but only 5 (= 3 + 2) rules:

Θ(S1, Y ) a →min Θ(S2, Y ) b
Θ(S2, Y ) b →min Θ(S3, Y ) c
Θ(S3, Y ) c →min Θ(S1, Y ) a
Θ(X,S1) d→min Θ(X,S2) e
Θ(X,S2) e →min Θ(X,S1) d

Note that, although Π1 ‖ Π2 has, in general, an order of magnitude fewer
user-written rules than Π1×Π2, as O(M +N)� O(M ·N), their state sets are

isomorphic. Figure 1 shows state charts for Π1, Π2 and Π1×Π2
states' Π1 ‖ Π2.

5.3 Parameterless sequential functions

We need states and a global stack for return states, let it be ρ(). Consider that:
Sf is the entry state of function f ’s ruleset, Sc is the current state and Sr is the
return state (to be entered after function f completes). We define the following
high-level boiler-plate P macros:

– BAL(Sf , Sr), branch and link to state Sf , i.e. to function f , and request
return to state Sr:

Sc ρ(X)→min.min Sf ρ(Sr(X))

– RET, return from function f (assuming that its last state is Sg):

Sg ρ(Z(X))→min.min Z ρ(X)
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S1

S3 S2

(a) Π1.

S12

S11

S31 S21

S32 S22

(b) Π1 ×Π2
states' Π1 ‖ Π2.

S1 S2

(c) Π2.

Fig. 1: State charts of Π1, Π2 and Π1 ×Π2
states' Π1 ‖ Π2.

5.4 Sequential functions with parameters

We need one more stack for each parameter. Alternatively, we can combine all
parameters in a single complex object, so just one additional stack would suffice.
We can even combine this with the return stack, to mimic a typical runtime
stack frame.

Here we consider a single global stack for all parameters, π, and a global
placeholder for function results, φ. If needed, but not shown here, global stack
π could also be used to create slots for local variables. Additional high-level
boiler-plate P macros:

– PUSHP(p1, p2, . . . ), push parameters, push contents of objects with functors
p1, p1, . . . on π, and create an empty φ(), as a placeholder for the expected
results (we assume that this does not yet exist):

Sc p1(X1) p2(X2) . . . π(X)→min.min Sc π(p(X1, X2, . . . )(X)) φ()

– PEEKP(p1, p2, . . . ), peek parameters, peek top of π into contents of objects
with functors p1, p1, . . . :

Sc →min.min Sc p1(X1) p2(X2) . . . | π(p(X1, X2, . . . )(X))

– POPP(), pop parameters, pop top of π:

Sc π(T (X))→min.min Sc π(X)

– POPP(p1, p2, . . . ), pop parameters, pop top of π into contents of objects with
functors p1, p1, . . . :

Sc π(p(X1, X2, . . . )(X))→min.min Sc p1(X1) p2(X2) . . . π(X)
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– RESULT(r1, r2, . . . ), set result, set φ using contents of objects with functors
r1, r2, . . . :

Sc r1(X1) r2(X2) . . . φ()→min.min Sc φ(X1, X2, . . . )

– POPR(q1, q2, . . . ), pop results, extract φ’s contents into objects with functors
q1, q2, . . . :

Sc φ(X1, X2, . . . )→min.min Sc q1(X1) q2(X2) . . .

For convenience, the following P macro combinations are also defined:

– CALL(Sf ; p1, p2, . . . ;Sr; q) = PUSHP(p1, p2, . . . ); BAL(Sf , Sr); POPR(q)

– FUNC(p1, p2, . . . ) = PEEKP(p1, p2, . . . )

– RETURN(r1, r2, . . . ) = RESULT(r1, r2, . . . ); POPP; RET

5.5 A first example

Consider a snippet calling an arithmetic multiply function, to compute z = x∗y.

– Pseudo P code, using our high-level P macros (its essential two lines are
exactly as given in Section 4):

% calling program % inputs: x(X) y(Y )
Sc CALL(Sm;x, y;Sr; z) % PUSHP(x, y); BAL(Sm, Sr); POPR(z)
Sr... % output: z(Z)

% function mult Sm
Sm FUNC(a, b) % creates: a(X) b(Y )
Sm →min.min Sn c()
Sn a(l.X) b(Y ) c(Z) →max.min Sn a(X) b(Y ) c(Y .Z)
Sn a( ) b( ) →min.min So
So RETURN(c) % RESULT(c); POPP; RET

– Direct translation to P rules:

% calling program: x(X) y(Y )
Sc x(X) y(Y ) π(P ) →min.min Sm π(p(X,Y )(P ) φ()
Sc ρ(R) →min.min Sm ρ(Sr(R))
Sr φ(Z) →min.min Sr z(Z)
. . .
% function mult Sm
Sm →min.min Sn a(X) b(Y ) | π(p(X,Y )(P ))
Sm →min.min Sn c()
Sn a(l.X) b(Y ) c(Z)→max.min Sn a(X) b(Y ) c(Y .Z)
Sn a( ) b( ) →min.min So
So c(Z) φ() →min.min So φ(Z)
So π(T (P )) →min.min So π(P )
So ρ(Z(R)) →min.min Z ρ(R)
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5.6 A recursive example

As a more elaborated example, consider the classical naive definition of factorial:

fact n = if n = 0 then 1 else (fact (n-1)) * n

The following versions show the call y = fact x.

– Pseudo P code, using our high-level P macros:

% calling program — % input: x(X)
Sc CALL(Sf ;x;Sr; y) % PUSHP(x); BAL(Sf , Sr); POPR(y)
Sr ... — % output: y(Y )

% function fact Sf — defined with macros

Sf FUNC(n) % creates: n(N)
Sf n() →min.min Sh f(l)
Sf n(l.N) →min.min Sf n(N)
Sf CALL(Sf ;n;Sg; f) % creates: f( )
Sg PEEKP(n) % recreates: n(N)
Sg CALL(Sm; f, n;Sh; f) % call mult

Sh RETURN(f) % RESULT(f); POPP; RET

– The above function definition can be more efficiently (but less readably)
implemented by the following rules, which peek parameter values directly
from the stack, inline the mult call and use two temporary objects, σ and τ ,
to evaluate the product.

% calling program — % input: x(X)
Sc x(X) π(Y ) ρ(R) →min.min Sf φ() π(n(X)(Y )) ρ(Sr(R))
Sr ... — % output: φ(Y )
. . .
% function fact Sf — manually optimised code

Sf φ() π(n()(Y )) ρ(Z(X)) →min.min Z φ(l) π(Y ) ρ(X)
Sf φ() π(n(l.N)(Y )) ρ(Z(X)) →min.min Sf φ() π(n(N)(n(l.N)(Y ))) ρ(Sf (Z(X)))
Sf φ(F ) π(n(N)(Y )) ρ(Z(X))→min.min Sg φ() σ(N) τ(F ) π(Y ) ρ(Z(X))
Sg φ(P ) σ(l.N) τ(F ) →max.min Sg φ(F .P ) σ(N) τ(F )
Sg σ() τ(F ) ρ(Z(X)) →min.min Z ρ(X)

– In the particular case x = 5: X = l5, Y = l120, y = 120.

6 Linguistic support

With proper linguistic support, the factorial sample can be rewritten at a more
user-friendly high level, where the user needs only develop application’s specific
“business” P rules and the system completes the required boiler-plate templates
required by function invocations.

As shown in Figure 2, our proposed high-level language includes the following
elements:
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1 function main =
2 state Sc =
3 →min.min x(l3)
4 set y = f a c t x continue Sr

5 state Sr =
6 . . .
7
8 function f a c t n =
9 state Sf =

10 n() →min.min Sh f(l) % explicit target, Sh

11 →min.min n1(N) | n(l.N) % implicit target, Sf

12 set f1 = f a c t n1 continue Sg

13 state Sg =
14 set f = mult f1 n continue Sh

15 state Sh =
16 return f
17
18 function mult a b =
19 state Sm =
20 →min.min c()
21 state Sn =

22 a(l.X) b(Y ) c(Z) →max.min a(X) b(Y ) c(Y .Z)
23 return c

Fig. 2: High-level factorial sample. There are only 5 user defined “business” spe-
cific P rules (lines 3, 10, 11, 20, 22); the other P rules are automatically generated.

– Except hidden system objects, such as a parameter stack and a return stack,
no global objects should be used (but the system does not enforce this rec-
ommendation).

– States, parameters and variables are local (not visible outside the enclosing
function).

– Statement function introduces a function, followed by an optional (space
separated) list of parameters.

– A function invocation consists of (i) the keyword set, (ii) a parameter or
variable name (which will receive the result), (iii) the function name, (iv) a
(space separated) list of arguments, (v) the keyword continue, and (vi) the
state to which the function must return.

– Each function argument is either (a) the name of a parameter or variable,
or (b) the functor of a complex object.

– Each parameter or variable is implemented by a complex object with the
same functor name, which contains its value.

– Complex objects which implement parameters and variables are automati-
cally managed, but are also fully accessible within P system rules.
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– We propose that function invocations use call-by-reference evaluations, fol-
lowed by a copy-on-write, for parameters that are subsequently changed.

– Statement state starts a group of rules sharing the same start state (which
is now omitted in individual rules). By default, if not explicit, the target
state of each rule remains the current state.

– Inside a group, statements and rules are executed top-down, using a weak
priority order.

– There is no implicit fall-through from one state to the textually following
state.

The traces shown in Table 1 highlight critical steps which occur in the invo-
cation of ( fact 3).

We are still considering a default convention for the implicit return-to state
after a function invocation, and, more important, extensions for parallel function
invocations (which need parallel stacks). However, we are not further developing
these ideas here.

7 Applications

7.1 Numerical P systems

Consider first the numerical P system sample Π1, given in Păun [17], which
sequentially generates numbers in {n2|n ≥ 0}. Π1 is equivalent to a P module,
Π ′1, with one single cell and a single generic rule involving three complex objects,
a, b, c:

S1 a(X) b(Y ) c(Z) →min.min S1 a(XY Y l) b(Zl) c(Zl)

Assuming that initially all three objects are empty, a() b() c(), after n steps,

a contains a(ln
2

), which represents the number n2.

Considering the arithmetic operations that can be efficiently modelled in
P modules, we emit the following conjecture:

Conjecture 1. All numerical P systems with arithmetic functions on integers and
rational numbers can be simulated in real-time by single cell P modules with
complex objects.

Note that, if we are not interested in a faithful simulation, the above system
can be straightforwardly implemented by the following single rule, which directly
maps the algebraic rule (n+ 1)2 = n2 + 2n+ 1:

S1 a(X) b(Y ) →min.min S1 a(XY Y l) b(Y l)
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Table 1: Traces for fact of 3. This table asserts the contents of (i) global hidden
stacks and (ii) local parameters and variables, before a line starts. The small
intervals between lines 14–16 indicate calls to mult, which are not detailed here.

Frame Line ρ() π() n() n1() f1() f()

fact 3

” 10 Sr p(l3) l3

” 11 Sr p(l3) l3

” 12 Sr p(l3) l3 l2

fact 2

” 10 Sg(Sr) p(l2)(p(l3)) l2

” 11 Sg(Sr) p(l2)(p(l3)) l2

” 12 Sg(Sr) p(l2)(p(l3)) l2 l

fact 1

” 10 Sg(Sg(Sr)) p(l)(p(l2)(p(l3))) l

” 11 Sg(Sg(Sr)) p(l)(p(l2)(p(l3))) l

” 12 Sg(Sg(Sr)) p(l)(p(l2)(p(l3))) l λ

fact 0

” 10 Sg(Sg(Sg(Sr))) p(λ)(p(l)(p(l2)(p(l3)))) λ

” 16 Sg(Sg(Sg(Sr))) p(λ)(p(l)(p(l2)(p(l3)))) λ l

fact 1

” 14 Sg(Sg(Sr))) p(l)(p(l2)(p(l3))) l l

” 16 Sg(Sg(Sr))) p(l)(p(l2)(p(l3))) l l

fact 2

” 14 Sg(Sr) p(l2)(p(l3)) l2 l

” 16 Sg(Sr) p(l2)(p(l3)) l2 l2

fact 3

” 14 Sr p(l3) l3 l2

” 16 Sr p(l3) l3 l6

7.2 NP-complete problems

With complex objects, we can solve NP-complete problems using a single cell, a
fixed-sized alphabet and a fixed-sized set of generic rules.

Consider, for example, the SAT problem; see Nagy [12] for a comprehensive
overview of this problem and current state-of-art P solutions.

We start with an example. Consider the following formula, with n = 3
boolean variables:

f = (x1 ∨ x̄2) ∧ (x1 ∨ x̄3).

This formula can be expressed as a complex object, in fact a list of disjunc-
tions, where each item is a list of conjunctions:

f = ∧(∨(x1(¬(x2)))(∨(x1(¬x3)))).

As such formulas can quickly become unwieldy, we use a simplified notation
for list structures, inspired from list structures in System F based functional
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programming languages:

a(d)(b(e)(c(f))) = [a(d); b(e); c(f)] = [a(d) : [b(e); c(f)]] = [a(d) : [b(e) : [c(f)]]]

With this notation, our formula f can be represented as:

f = ∧[∨[x1;¬(x2)];∨[x1;¬(x3)]].

To map our formula to a fixed vocabulary, we represent xn by the complex
object x(ln). Finally, our formula f can be represented as:

f = ∧[∨[x(l);¬(x(ll))];∨[x(l);¬(x(lll))]].

To check its satisfiability, we use a naive brute force approach: we create
2n = 23 = 8 dictionary complex objects, all named v, corresponding to all
possible truth (0/1) assignments of our n = 3 variables:

v(m(x(l), 0).m(x(ll), 0).m(x(lll), 0))
v(m(x(l), 0).m(x(ll), 0).m(x(lll), 1))
v(m(x(l), 0).m(x(ll), 1).m(x(lll), 0))
v(m(x(l), 0).m(x(ll), 1).m(x(lll), 1))
v(m(x(l), 1).m(x(ll), 0).m(x(lll), 0))
v(m(x(l), 1).m(x(ll), 0).m(x(lll), 1))
v(m(x(l), 1).m(x(ll), 1).m(x(lll), 0))
v(m(x(l), 1).m(x(ll), 1).m(x(lll), 1))

All these dictionaries can be built in parallel by the following rules, starting
from an empty dictionary, v(), and a variable n(N), which indicates the number
of boolean variables; if this number is not given, it can be easily computed by
scanning the given formula (this step is not detailed here):

S1 n(lN) v(M)→max.min S1 n(N) v(m(x(lN), 0).M) v(m(x(lN), 1).M)
S1 n() v(M) →max.min S2 w(t(1), s(0), v(M))

Next, we evaluate the given formula, f , in parallel over all existing dictionar-
ies, v, which are now enclosed in larger complex objects, w. The partial results
are stored in variables s, for the current disjunction, initially s(0), and t, for the
whole formula (a conjunction), initially t(1). These variables start with default
values for their corresponding boolean operations and are updated while the
formula is evaluated left-to-right. The evaluation looks at the top variable in the
top conjunction and picks its value from the associated dictionary. When the
top conjunction becomes empty, the value of s is and-ed to the value of t, and
then variable s is reset to 0, s(0), to start the next disjunction. When there is no
other disjunction, the evaluation has ended and t contains the correct evaluation
value according to the current dictionary.

For clarity, we use the convenience abbreviations (abbreviations are not ob-
jects) vijk = v(m(x(l), i).m(x(ll), j).m(x(lll), k), i.e. x1 = i, x2 = j, x3 = k. The
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following two derivations illustrate the step-by-step evaluation of our formula,
f , using the dictionaries v000 and v001:

∧[∨[x(l);¬(x(ll))];∨[x(l);¬(x(lll))]] w(t(1), s(0), v000)⇒
∧[∨[¬(x(ll))];∨[x(l);¬(x(lll))]] w(t(1), s(0), v000)⇒

∧[∨[];∨[x(l);¬(x(lll))]] w(t(1), s(1), v000)⇒
∧[∨[x(l);¬(x(lll))]] w(t(1), s(0), v000)⇒

∧[∨[¬(x(lll))]] w(t(1), s(0), v000)⇒
∧[∨[]] w(t(1), s(1), v000)⇒
∧[] w(t(1), s(0), v000)⇒

t(1)

and

∧[∨[x(l);¬(x(ll))];∨[x(l);¬(x(lll))]] w(t(1), s(0), v001)⇒
∧[∨[¬(x(ll))];∨[x(l);¬(x(lll))]] w(t(1), s(0), v001)⇒

∧[∨[];∨[x(l);¬(x(lll))]] w(t(1), s(1), v001)⇒
∧[∨[x(l);¬(x(lll))]] w(t(1), s(0), v001)⇒

∧[∨[¬(x(lll))]] w(t(1), s(0), v001)⇒
∧[∨[]] w(t(1), s(0), v001)⇒
∧[] w(t(0), s(0), v001)⇒

t(0)

Without using usual boolean shortcuts, these evaluations can be completed
by following rules (using the simplified list notation, for clarity):

S2 ∧ [∨[¬(x(X)) : D] : C] w(t(T ), s(S), v(P .m(x(X), V ).Q))
→max.min S2 ∧ [∨[D] : C] w(t(T ), s(Z), v(P .m(x(X), V ).Q)) | e(S, V, Z)

S2 ∧ [∨[x(X) : D] : C] w(t(T ), s(S), v(P .m(x(X), V ).Q))
→max.min S2 ∧ [∨[D] : C] w(t(T ), s(Z), v(P .m(x(X), V ).Q)) | d(S, V, Z)

S2 ∧ [∨[] : C] w(t(T ), s(S), v(M))
→max.min S2 ∧ [C] w(t(Z), s(0), v(M)) | c(T, S, Z)

S2 ∧ [] w(t(T ), s(S), v(M))
→max.min S3 t(T )

where c(), d() and e are “read-only” internal tables for required boolean opera-
tions, given as complex objects (intuitively, these represent tables for x∧y, x∨y,
x ∨ ȳ, respectively):

c(0, 0, 0) c(0, 1, 0) c(1, 0, 0) c(1, 1, 1)
d(0, 0, 0) d(0, 1, 1) d(1, 0, 1) d(1, 1, 1)
e(0, 0, 1) e(0, 1, 0) e(1, 0, 1) e(1, 1, 1)

The final rules collect and reduce the individual results, t(). In our case, the
formula f is satisfiable, for example for x1 = 0, x2 = 0, x3 = 0.

We have used a single cell, a fixed alphabet, {0, 1, x, l, ∨, ∧, ¬, c, d, e, v,
m, w, s, t}, and essentially just 6 generic rules and 3 states. In this example,
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we used only the most basic brute force approach; however, better variants are
possible.

A similar approach seems to work well for other NP-complete problems, for
example, the graph colouring problem; see Gheorghe et al. [7] for state-of-art
P solutions of this problem. We emit the following conjecture:

Conjecture 2. Any NP-complete problems can be solved by a single cell P mod-
ule with a fixed sized atomic alphabet and a fixed sized set of generic rules.

8 Conclusions

Despite their exceptional theoretical and modelling power, P systems seem to
remain difficult to use for large practical applications, apparently requiring large
varying size unstructured rulesets that can be difficult to verify. We want to show
that this need not be the case, that there are ways to increase their usability.

This paper presents evidence that complex objects can enable a high-level
programming style, with fixed sized alphabets and rulesets, adequate data struc-
tures and useful functional programming elements. We have previously used
complex objects to successfully model and even improve large practical applica-
tions, ranging from computer vision to complex graph theoretical problems and
to well-known critical distributed algorithms. Here we attempt to generalise our
field-proven methods and sketch how to apply similar techniques to other, more
theoretical, domains: numerical P systems and NP-complete problems.

The presented evidence suggests that complex objects could enable a more
advanced high-level functional programming style, including: local functions
(functions inside functions), closures, memoizations (i.e. top-down dynamic pro-
gramming), combinators (e.g. the Y combinator), monads and meta-programming.
A follow-up paper will address these topics.

Many of our extensions can be directly mapped on modern computing plat-
forms, bypassing a possible translation to traditional simpler objects and rules,
which opens the way towards more efficient general purpose simulators.
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